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The probably most essential and fundamental result in the theory of normal families is 
Montel's Theorem which says that a family of functions meromorphic in a domain in C 
which omit three distinct fixed values in C is normal; Schiff [5] calls it the " Fundamental 
Normality Test" (FNT). There are two natural directions to generalize this result: 



(1) Instead of fixed exceptional values, one may consider exceptional values depending 
on the respective function in the family under consideration. Of course, in this 
context one can hope for normality only under additional assumptions on these 
exceptional values: It does not suffice that the exceptional values are distinct; they 
have to be kind of "uniformly distinct". The respective version of the FNT is due 
to Caratheodory [2J p. 202]. Here x denotes the chordal and a the spherical metric 
O ■ on C. 



Theorem 1 Let T be a family of meromorphic functions on a domain D. Suppose 
there exists an e > such that each f G T omits three distinct values aj,bf,Cf G C 
satisfying 

a(a f , b f ) ■ a(a f , c f ) ■ a(b f , c f ) > e. 

Then T is normal in D. 

(2) Instead of exceptional values one may consider exceptional functions with disjoint 
graphs, i.e. omitting each other. 

The case of meromorphic exceptional functions is almost trivial: If a, b, c are mero- 
morphic functions on a domain D omitting each other and if each / 6 J 7 omits a, b 
and c, then we consider the family Q of the cross ratio functions 

z f( z ) - a ( z ) . c ( z ) - K z ) 

f(z) - b{z) c(z) - a(z) 

all of which omit the values 0, 1 and oo in D. By the FNT we obtain the normality 
of Q, hence of J- '. 



Part of this work was supported by the German Israeli Foundation for Scientific Research and De- 
velopment (No. G 809-234.6/2003). 



1 



2 



J. Grahl and S. Nevo 



But an analogous normality result even holds for exceptional functions a,b,c : D — > 
C which are merely continuous (w.r.t. the spherical metric on C) and which have 
disjoint graphs as Bargmann et al. [1] have shown with the help of Ahlfors' theory 
of covering surfaces. 

In the present paper we combine these two directions of generalization by considering 
meromorphic exceptional functions which depend on the respective function in the family 
under consideration. Our main result is the following. 

Theorem 2 Let J 7 be a family of functions meromorphic in D and e > 0. Assume that 
for each f G J 7 there exist functions df,bf,Cf meromorphic in D or = oo such that f 
omits the functions a/, 6/, c/ in B and 

<j{a f (z), b f (z)) ■ a(a f {z),c f {z)) ■ a(b f {z),c f {z)) > s 

for all z eD. Then J 7 is a normal family. 

This result no longer holds for exceptional functions which are merely continuous on C 
as the following counterexample shows: 

Counterexample: Let f n (z) := e nz , a n = 0, b n = oo, c n (z) := — e mlm ( z ) for all n. Then 
each /„ omits the continuous functions a n , b n and c n and 

7T 7T 

a(a n (z),b n (z)) = -, a(a n (z),c n (z)) = cr(b n (z),c n (z)) = - 
for all n € IN, z € D, but (f n ) n is not normal in D. 



2 An extension of Zalcman's Lemma 

In the proof of Theorem [2] we require an extension of Zalcman's well-known rescaling 
lemma [6]. For p 6 IN we define the projections 

7Tj : (Ai(3)) p — y (l<j<p) 

by 

TTjih, ...J p ):= fi for (fx, ...,f p ) e (M(3)) P - 

Lemma 3 (Extension of Zalcman's Lemma) Let p be a natural number and T C 
(Ai(3)) p . Assume that there exists a j G {1, . . . ,p} such that the family 7Tj (J-) is not 
normal at z = 0. Then there exist sequences (f n ) n = • • • , f p , n ))n Q J 7 , (z n ) n G D 

and (g n ) n g]0;1[ such that lim^oo z n = 0, lim^oo g n = and such that the sequences 
(gj,n)n defined by 

9j,n(0 '■= fjA Z n + QnC) 

for all j = 1, . . . ,p converge locally uniformly in C to functions gj G Ai(C) U {oo} such 
that at least one of the functions gx, . . . ,g p is not constant. 
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Proof. By Marty's theorem there exist sequences (f n ) n Q J 7 and C D such that 

ft 

'JO, 



lim„^ 00 z* n = and lim^^ f*Jz*) = oo. We define 



Then we have lim^oo r n = and ^ < | for all n. Furthermore, we define 
M n := max (l " ^) • (/J^) + ' • • + . 



Then we have 



= (l - ^|P) • (yf B W + • • • + 

for certain z n G C/ rri (0). From 



we see lim^oo r n M n = oo. We define 

,2 U 12 



£n := "„ 9 „ ^ — and i?„ 

Then 



r 2 M 

1 n lvl n 



n i 



< — — ► (n ->■ oo) 



r n -|z n | r£M n r n M„ 
So we have lim^oo g n = and lim^oo R n = oo. The functions 

&\n(C) : = /j>(^n + QnC) 

are meromorphic in J/R n (0) and satisfy 

Cn(0 = Qn ■ fZ n (z n + Q n Q < _ 1 



\ 'y \ ^ fy 1^1 ' 

^ | I , ' n \ -^Ti, I , 1 





I z n 




r n ~ 


Zn | 


~ Qn\C\ 



< " , ' ' i - < w < 2 

Rn 



for |C| < R < | • So by Marty's theorem each sequence (gj, n )n is normal in C/r(0) for 
every i? > 0. Therefore, we may assume that (gj, n )n converges locally uniformly in C to 
some Qj G A4(C) U {oo} for every j — 1, . . . ,p. From 



^l # n(°) + • • • + S*„(0) = £n " (ftiZn) + ••• + f* n {z n )) = Qn • M B 



^>2 



we finally obtain gf (0) + • • • + #jf(0) = 1, i.e. gf(0) > for some j G {1, . . . ,p} (not 
necessarily j = p) which means that not all of the gj are constant. ■ 

Also Pang's extension of Zalcman's Lemma can be generalized in a similar way. 
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One major disadvantage of this Lemma is the fact that it does not give any control which 
of the limit functions gj are non-constant. (Of course, it is trivial that only those gj can be 
non-constant for which ^(J 7 ) is not normal.) Proving a stronger version of this Lemma 
where one can prescribe which gj is non-constant would be a giant leap for the theory of 
normal families. In many possible applications (for example, to a famous conjecture of 
Cartan and Eremenko OH]) it would even suffice if one could exclude the case gj = oo. On 
the other hand, in general one cannot expect that one can construct several nonconstant 
limit functions by simultaneous rescaling. The deeper reason for this is the fact that if 
(/n)n and (g n )n are sequences in JA(B) which are not normal at the origin, then one 
cannot conclude that there exists a sequence (z n ) n in D with lim^oo z n = such that 
both (fn( z n))n and (fn( z n))n are unbounded as the following counterexample illustrates. 

Counterexample: Consider the functions f n {z) '■— nz + yfn and g n {z) := — nz + y/n. 
Then 

f#(-y\ - " n#( " " 



fn( Z ) = T~, 1 1 I /- 12 ' 9n( Z ) 



1 + n\l + y/nz\ 2 ' " 1 + n\l — y/nz\ 

so 



for all n. Hence by Marty's theorem both sequences (/„)„ and (g n ) n are not normal at 
the origin. On the other hand, j*{z n ) oo implies 1 + y/nz n — > while gf{z n ) — > oo 
implies 1 — y/nz n — > for n — > oo. Obviously, it is impossible to satisfy both conditions 
simultaneously. If f n (z n + g n () = nz n + g n n( + y/n (with z n , g n as in Zalcman's Lemma) 
tends to some nonconstant limit function, then g n (z n + g n () = —f n ( z n + QnC) + tends 
to oo (and vice versa). 



3 Proof of Theorem [2 



We start with the corresponding result for functions meromorphic in C. 
Lemma 4 Let a,b,c E Ai(C) U {00} and e > 0. Assume that 

a(a(z), b{z)) ■ a(a(z),c(z)) ■ a{b(z), c(z)) > e (3.1) 
for all z G C. Then a, b and c are constant. 

Proof. In view of a(z, w) < ir for all z, w G C we have 

a(a(z),b{z)) > — 2 

for all zgC If a = 00, then we deduce that b is bounded, hence constant by Liouville's 
theorem. If a 00, then we can conclude that 

e 



\a(z) - b(z)\ > a(a(z),b(z)) > 



for all z G C which implies that a — b is constant. Now from 

\a{z)-b(z)\ 2 \a{z) - b{ 

(X(a(z),b(z))y ~ (l a (a(z),b(z)))' 2 i: " 



(1 + laWH • (1 + |^)| 2 ) - ' a g"?, ( £ < }: { :\~ m L < ^ " Hz) - b { z)\> 
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for all z G C we see that a and b itself are bounded, hence constant. 

So we have shown that a and b are constant. In the same way we obtain that c is constant 
as well. ■ 

Lemma 5 Let Q C (.M(D)) 3 and e > 0. Assume that 

a(a(z), b(z)) ■ a(a(z), c(z)) ■ a(b(z), c(z)) > e 

for all (o, 6, c) G £? and all z G D. TTien i/ie families 7Tx(G), 7r 2 (£?) and 7r 3 (C?) are normal 
in D. 

Proof. If 7Tj(C7) was not normal, then by Lemma [3] one could construct functions a, 6, c G 
.M(C) U {oo} which satisfy (13. ip for all 2 G C such that one of the functions a, b, c is not 
constant. This contradicts Lemma 2J ■ 

Proof of Theorem [2} We assume that T is not normal in D. W.l.o.g. we may assume 
that J- is not normal at z — 0. Then by Lemma [3] there exist sequences (/ n ) n G J 7 , 
(a„) n , (&n)n, (c„)„ C M(B) U {oo}, (z n ) n G D and (^)„ g]0; 1[ such that lim^oo z n = 0, 
Qn = 0, /„ omits the functions 

O^ni bni Cjj, 

cr(a n (^), &„(z)) • a(a n (z),c n (z)) ■ a(b n (z),c n (z)) > e 

for all z G D and all n and such that the sequences (g n ) n , (A n ) n , (B n ) n and (C n ) n defined 
by 

9n(C) ■= fn(z n + Q n C), 

An(C) := a n (z n + g n C), B n (C) := b n (z n + g n (), C n (() := c n (z n + ^„C) 

converge locally uniformly in C to functions g,A,B,C G Ai(C) U {oo}, resp., not all of 
which are constant. Now Lemma ensures that (a n ) n , (b n ) n and (c„) n are normal. This 
forces A, B and C to be constant. Therefore, g is not constant. By Hurwitz's theorem, g 
omits the three distinct constants A, B and C. This contradicts Picard's theorem. 
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